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ON GROUPS WITH A SUPERCOMPLEMENTED
SUBGROUP
Groups, in whih every subgroup ontaining some xed primary yli subgroup
has a omplement, are investigated
1. Introdution. Reall that a subgroup H of the group G is
alled omplemented in G, if there exists some subgroup T of G suh
that G = HT and H ∩T = 1; it is said that T omplements H in G and T
is a omplement to H in G. Finite groups in whih all subgroups are om-
plemented were rst onsidered by Ph.Hall [1℄. A omplete onstrutive
desription of arbitrary groups in whih all subgroups are omplemented
has been obtained by N.V.Chernikova [2, 3℄. In [2℄ suh groups were alled
ompletely fatorizable. In view of N.V.Chernikova's Theorem [2, 3℄, om-
pletely fatorizable groups are solvable (more preisely, metabelian) and
loally nite.
Following [4℄ we all a subgroup H of the group G superomplemented
in G, if eah subgroup of G ontainingH is omplemented in G. In onne-
tion with N.V.Chernikova's Theorem, it is naturally to investigate groups
whih have a proper superomplemented subgroup. In [5℄ loally graded
p-groups with a superomplemented yli subgroup were investigated.
Aording to [5℄, suh groups are loally nite and solvable, and also, in
the ase when p 6= 2, metabelian. Later, V.A.Kreknin [4℄ has showed that
the derived length of suh 2-groups does not exeed 3.
Reall that a group is said to be loally graded, if its every nonidentity
nitely generated subgroup has a proper subgroup of nite index [6℄. The
lass of all loally graded groups is extremely wide. For example, all loally
nite, solvable and loally solvable, residually nite groups, linear groups,
radial (in the sense of B.I.Plotkin) groups, RN -groups (and, at the same
time, groups of all Kurosh-S.N.Chernikov's lasses) are loally graded.
(Note that by a proper subgroup of the group G we mean, as in [7℄, a
subgroup dierent from G).
The main results of the present paper are the following Theorems 14.
Below, as usual, for real number r ≥ 0, [r] is the greatest integer not
exeeding r.
Theorem 1. Let G be an RN -group with a superomplemented yli
p-subgroup 〈x〉 of order m. Then:
(i) G is solvable and loally nite.
(ii) In the ases when m = 1, m = 2, 2 < m < 8 and m ≥ 8, for
the derived length d(G) of G, respetively, d(G) ≤ 2, d(G) ≤ 11,
d(G) ≤ 18 and d(G) ≤ 5 log9
n−2
8 + 13 (> 18), where n = [m(m −
1) +m log2m].
(iii) G is residually nite.
(iv) Eah p-subgroup of G is nilpotent, almost elementary abelian and
solvable of derived length ≤ 3. In the ase when p 6= 2, eah p-
subgroup of G is metabelian.
Theorem 2. Let G be a periodi loally graded group with a super-
omplemented yli p-subgroup of order m and also 2 /∈ pi(G). Then the
statements (i)(iv) from Theorem 1 are valid.
It is naturally to onsider groups in whih all subgroups not ontained
in some proper xed subgroup are omplemented. As usually, we all
suh proper subgroup a C-separating subgroup. In [8℄ the theorem on
solvability of a nite group with a C-separating subgroup was established.
It is established [7℄ that a loally almost solvable group with a C-separating
subgroup is loally (solvable and nite). Remark that in ontrast to [8℄,
the fundamental theorems of the Theory of nite simple groups were not
used in [7℄.
The following theorem, in partiular, onsiderably generalizes Theorem
[7℄ mentioned above.
Theorem 3. Let G be a loally graded group with a C-separating
subgroup H. Then:
(i) G is solvable and loally nite.
(ii) G is residually nite.
(iii) For some p ∈ P, G possesses a yli superomplemented p-subgroup,
eah p-subgroup of G is nilpotent, almost elementary abelian and
solvable of derived length ≤ 3, and eah q-subgroup of G with q 6= p
is elementary abelian.
The proof of Theorem 3 essentially uses Theorem 1.
Finally, Theorem 4 shows that the lass of all groups ontaining a
C-separating subgroup is a proper sublass of the lass of all groups on-
taining a superomplemented primary yli subgroup.
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Theorem 4 (N.S.Chernikov, O.O.Trebenko). The lass X of all
groups ontaining a C-separating subgroup is a proper sublass of the lass
Y of all groups ontaining a superomplemented primary yli subgroup.
(More onretely, X is ontained in Y and the holomorph G of the yli
group of order 8 belongs to Y\X).
In what follows, N and P denote the sets of all naturals and primes,
respetively. The symbol ⋋ is used to denote the semidiret produt. Let
G be a group. Notations H ≤ G (H E G) and H < G (H ⊳ G) mean
that H is a (normal) subgroup of G and H is a (normal) subgroup of G
dierent from G, respetively. pi(G) is the set of all p ∈ P for whih G has
an element of order p. Further, Φ(G) is the Frattini subgroup of G, Z(G)
is the entre of G. Let ∅ 6= H ⊆ G. Then HG = {hg : h ∈ H, g ∈ G},
Hn = 〈hn : h ∈ H, n ∈ N〉. Below, in the ase when G is solvable, d(G) is
its derived length. Other notations are standard.
In onnetion with Theorem 1, remark that for p 6= 2, a loally graded
p-group with a superomplemented yli subgroup 〈x〉 is metabelian,
nilpotent and G = 〈x〉B, 〈x〉 ∩ B = 1, where B is elementary abelian
(see Theorem 2 [5℄). It may be that 〈x〉, B 5 G, as shows the following
example.
Example. Let G = A ⋋ F be a nite p-group, where A = 〈b〉 × 〈c〉,
|〈b〉| = |〈c〉| = p, F = 〈x〉 ⋋ 〈a〉, |〈x〉| = p2, |〈a〉| = p, and xa = xp+1 and
also bx = bc, cx = c, ba = b, ca = c. Then G may be presented in the form:
G = 〈x〉B, 〈x〉 ∩ B = 1, where B = 〈a〉 × 〈b〉 × 〈c〉. Obviously, 〈x〉 5 G
and B 5 G.
Main ideas, methods and approahes used in the present paper are
worked up in the paper [9℄ submitted to publishing earlier.
2. Preliminary results.
Lemma 1. Let G be a group with a superomplemented subgroup H
and H ⊆ K ≤ G, and let ϕ be a homomorphism of K. Then Hϕ is
superomplemented in Kϕ.
Proof. Take any S ≤ Kϕ suh that Hϕ ⊆ S. Let L ≤ K and
Kerϕ ⊆ L, Lϕ = S. Then H ⊆ L. Take a omplement T to L in K. Then
Kϕ = STϕ and, obviously, S ∩ Tϕ = 1. So Tϕ is a omplement to S in
Kϕ. Lemma is proven.
3
Proposition 1. Let G be a group with a superomplemented yli
p-subgroup 〈x〉 of order m. If for some q ∈ P, an elementary abelian q-
subgroup Q of G is its minimal normal subgroup, then either m 6= 1 and
|Q| ≤ q(m−1)mmm, or m = 1 and |Q| = q.
Proof. Let m 6= 1. Show that Q has a minimal normal sub-
group of order ≤ qm−1 of the group Q〈x〉. Take a ∈ Q\{1}. Denote
K = 〈ax, ax
2
, . . . , ax
m
〉. Clearly, K E Q〈x〉 and |K| ≤ qm. Obviously, K
ontains some minimal normal subgroup Q1 of Q〈x〉.
Suppose that |Q1| = q
m
. Then Q1 = K = 〈a
x〉 × 〈ax
2
〉 × . . . × 〈ax
m
〉.
Clearly, 〈axax
2
. . . ax
m
〉✁Q〈x〉 and |〈axax
2
. . . ax
m
〉| = q < qm, whih is a
ontradition. Thus, |Q1| ≤ q
m−1
.
Further, for some T ≤ G, G = (Q1〈x〉)T and (Q1〈x〉)∩ T = 1. In view
of S.N.Chernikov's Lemma (see, for instane, [10℄, Lemma 1.8), Q〈x〉 =
Q1〈x〉(Q〈x〉 ∩ T ). We have Q1〈x〉 ∩ (Q〈x〉 ∩ T ) = 1. Denote Q2 = Q ∩ T .
Then Q2 6= Q. Sine, obviously, G = Q〈x〉T = 〈x〉QT = QT 〈x〉 and
Q2 E Q, T , we have G = NG(Q2)〈x〉. So for eah g ∈ G, there exists
h ∈ 〈x〉 suh that Qg2 = Q
h
2 . Further, for any h ∈ 〈x〉, obviously,
|Q : Qh2 | = |Q : Q2| ≤ |Q〈x〉 : Q〈x〉 ∩ T | = |Q1〈x〉| ≤ q
m−1m.
So
|Q : ∩
h∈〈x〉
Qh2 | ≤
∏
h∈〈x〉
|Q : Qh2 | ≤ (q
m−1m)m.
As far as ∩
h∈〈x〉
Qh2 = ∩
g∈G
Qg2 E G, Q2 6= Q and Q is a minimal normal
subgroup of G, ∩
h∈〈x〉
Qh2 = 1 and so |Q| ≤ (q
m−1m)m.
If m = 1, then G is ompletely fatorizable. Therefore, in onsequene
of N.V.Chernikova's Theorem [2, 3℄, |Q| = q. Proposition is proven.
Remark. In view of Zassenhaus'es Theorem, for an arbitrary n ∈ N,
the derived lengths of solvable linear groups of degree ≤ n over elds are
bounded by some natural number depending only on n (see, for instane,
[11℄, Theorem 3.7). Let ζ(n) be the smallest suh number. Obviously,
ζ(n) ≤ ζ(n+ 1).
In 1958 B.Huppert (see, for instane, [12℄, Theorem 45.2.1) has showed
that ζ(n) ≤ 2n. For n ≥ 66, M.Newman [13℄ has obtained the following
estimation: ζ(n) ≤ 5 log9
n−2
8 + 10.
Consequently, for n ≤ 6, we have ζ(n)(≤ 2n) ≤ 12, for 7 ≤ n ≤ 73,
ζ(n) ≤ 14, and for n > 73, we have ζ(n) ≤ [5 log9
n−2
8 + 10](≥ 15).
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Proposition 2. Let G be a nite solvable group with a superomple-
mented yli p-subgroup 〈x〉 of order m, and let n = [m(m−1)+m log2m]
if m 6= 1. Then d(G) ≤ ζ(n) + 3. Moreover, in the ases when m = 1,
m = 2, 2 < m < 8 and m ≥ 8 the following holds respetively: d(G) ≤ 2,
d(G) ≤ 11, d(G) ≤ 18 and d(G) ≤ 5 log9
n−2
8 + 13(> 18).
Proof. We may assume, of ourse, that G 6= 1. Let G = G0 ⊃ G1 ⊃
. . . ⊃ Gs = 1 be some hief series of G. For some q = q(i) ∈ P, Gi/Gi+1
is an elementary abelian q-group. Sine Gi/Gi+1 is a minimal normal
subgroup of G/Gi+1 and 〈x〉Gi+1/Gi+1 is a superomplemented yli p-
subgroup of order ≤ m of G/Gi+1 (see Lemma 1), |Gi/Gi+1| ≤ q
n
where
n = 1 if m = 1, and n is as above if m 6= 1. (see Proposition 1).
Then, sine G/CG(Gi/Gi+1) is isomorphially embedded into GLn(q),
by Zassenhaus'es Theorem, d(G/CG(Gi/Gi+1)) ≤ ζ(n) (see Remark
above). Therefore, d(G/
s−1⋂
i=0
CG(Gi/Gi+1)) ≤ ζ(n).
Let F =
s−1⋂
i=0
CG(Gi/Gi+1). In view of Theorem III.4.3 [14℄ (for in-
stane), F is nilpotent.
Let F 6= 1, q ∈ pi(F ) and P be the Sylow q-subgroup of F . By Lemma
1, 〈x〉 is a superomplemented subgroup of the group P 〈x〉. Therefore, in
view of Theorem 2 [5℄ and Theorem [4℄, d(P 〈x〉) ≤ 3 if q = p.
Let q 6= p. For some T ≤ Q〈x〉, Q〈x〉 = (Φ(Q)〈x〉)T and (Φ(Q)〈x〉) ∩
T = 1. Obviously, T is a omplement to Φ(Q) in Q. Consequently,
Φ(Q) = 1 and Q is elementary abelian. So d(Q) = 1.
Sine F is deomposed into the diret produt of its primary Sylow
subgroups, d(F ) ≤ 3. Therefore, d(G) ≤ ζ(n) + 3.
Further, it is easy to see that n < 66 i m ≤ 7.
If m = 1, then G is ompletely fatorizable. Therefore, in view of
N.V.Chernikova's Theorem, d(G) ≤ 2.
If m = 2, then n = 4 and, with regard to Remark, d(G) ≤ 2n+3 = 11.
If m = 8, then n = 80. So, with regard to Remark, for m ≥ 8, d(G) ≤
5 log9
n−2
8 +13, and for m = 8, d(G) ≤ ζ(80)+3 ≤ [5 log9
80−2
8 +13] = 18.
If 2 < m < 8, then, with regard to Remark, d(G) ≤ ζ(n) + 3 ≤
ζ(80) + 3 ≤ 18. Proposition is proven.
Proposition 3. Let G be a loally solvable group with a nite super-
omplemented subgroup 〈x〉. Then G is loally nite.
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Proof. Obviously, it is suient to show that every nitely generated
subgroup of G ontaining 〈x〉 is nite. Thus, with regard to Lemma 1, the
proof is redued to the ase when G is nitely generated solvable. Sine
G is solvable, it has a nite normal series with abelian fators. Inasmuh
as every abelian group is periodi-by-torsion-free, this series is ontained
in some nite normal seriesM of G with periodi abelian and torsion-free
abelian fators.
Assume that G is innite. Then, in view of S.N.Chernikov's Theorem
(see, for instane, [15℄, Proposition 1.1), G is non-periodi. Therefore,
for some neighbouring terms N and L ⊂ N of series M, N/L is torsion-
free and G/N is periodi. In onsequene of Proposition 1.1 [15℄, G/N is
nite. Further, by virtue of Lemma 1, 〈x〉L/L is nite superomplemented
subgroup of G/L. Thus, the proof of the present theorem is redued to
the ase when for some torsion-free abelian subgroup N✂G, |G : N | <∞.
By Shreier-Dyk's Theorem (see, for instane, [16℄, pp.228,111), N is
nitely generated. Therefore, for any q ∈ P, N q 6= N .
Clearly, |pi(G)| < ∞. Take q ∈ P \ pi(G). Aording to Lemma 1,
〈x〉N q is omplemented in 〈x〉N by some subgroup H . It is easy to see
that |H | = |N : N q| = qn where n ∈ N. So H is a nonidentity q-subgroup
of G, whih is a ontradition. Proposition is proven.
Reall that an involution of a group is its element of order 2.
Proposition 4. The periodi group G without involutions is loally
graded i it is an RN -group.
Proof. Let G be a periodi group without involutions. If G is an
RN -group, then it is loally graded. Suppose that G is loally graded
and G 6= 1. Let K be any nonidentity nitely generated subgroup of
G. Then, with regard to Poinare's Theorem, there exists N ⊳ K with
|N : K| < ∞. Sine K/N is a nonidentity nite group and, obviously,
2 /∈ pi(K/N), in view of Feit-Thompson's Theorem [17℄, K/N is solvable.
Hene (K/N)′ 6= K/N . Therefore K ′ 6= K. So, by S.Brodski's Theorem
(see, for instane, [18℄), G is an RN -group. Proposition is proven.
Lemma 2. Let for some m ∈ N, a p-group G has some loal system
of subgroups {Gι : ι ∈ I} suh that eah Gι has a (normal) elementary
abelian subgroup of index ≤ m. Then G has a (normal) elementary abelian
subgroup of index ≤ m and G is nilpotent. In partiular, G is almost
elementary abelian.
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Proof. By Poinare's Theorem, Gι, obviously, has a normal elemen-
tary abelian subgroup of nite index and, at the same time, loally nite
subgroup of nite index. Therefore, in view of O.J.Shmidt's Theorem
(see, for instane, [16℄, p.337), G is loally nite. Then eah Gι and, at
the same time, G have a loal system of nite subgroups with a (normal)
elementary abelian subgroup of nite index ≤ m. Taking this into aount,
further we may assume without loss of generality that all Gι are nite.
Let Mι be a set of all (normal) elementary abelian subgroups of index
≤ m of Gι. Let Mα ≤ Mι i Gα ⊆ Gι. In the ase Mα ≤ Mι we dene
the projetion piια from Mι into Mα as follows: for an arbitrary K ⊆ Mι
Kpiια = K ∩Gα. Obviously, the following holds:
1) for eah Mα and Mβ, there exists Mγ suh that Mα,Mβ ≤Mγ ;
2) if Mα ≤Mβ , Mβ ≤Mγ , then piγα = piγβpiβα;
3) piιι is an identity mapping of Mι onto itself.
Consequently, in view of ([16℄, p.351-353), there exist Kι ∈ Mι, ι ∈ I,
suh that Kα = Kι ∩ Gα whenever Gα ⊆ Gι. Obviously, K =
⋃
ι∈I
Kι is
elementary abelian.
Let n = max
ι∈I
|Gι : Kι| and let for γ ∈ I, |Gγ : Kγ | = n and
Gγ =
n⋃
i=1
aiKγ . Take any g ∈ Gι. Then for some β ∈ I, g ∈ Gβ ⊇ Gγ .
Sine Kγ ⊆ Kβ and |Gβ : Kβ | ≤ |Gγ : Kγ |, obviously, Gβ =
n⋃
i=1
aiKβ .
Consequently, g ∈
n⋃
i=1
aiK. Thus, G =
n⋃
i=1
aiK. At the same time, |G :
K| ≤ n ≤ m. In onsequene of Poinare's Theorem, |G : ∩
g∈G
Kg| < ∞.
So G is almost elementary abelian.
Suppose that eah Mι onsists of all normal elementary abelian sub-
groups of Gι. Take any g ∈ G and a ∈ K. Then for some α ∈ I, g ∈ Gα
and a ∈ Kα ✂Gα. Therefore a
g ∈ Kα ⊆ K. Thus K ✂G.
It is lear that an exponent of G is nite. Therefore, in view of Baum-
slag's Theorem [19℄, G is nilpotent. Lemma is proven.
3. Proofs of theorems.
Proof of Theorem 1. (i) It is suient to show, with regard to
Lemma 1, that the theorem is valid for any nitely generated subgroup
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G∗ ⊇ 〈x〉 of G. Thus the proof is redued to the ase when G is nitely
generated.
Let K be an intersetion of all N E G suh that G/N is nite and
solvable. By virtue of Proposition 2 and Lemma 1, d(G/N) ≤ ζ(n) + 3,
where n = max{[m(m− 1)+m log2m], 1}. Consequently, G/K is solvable
with d(G/K) ≤ ζ(n) + 3. Further, in view of Proposition 3 and Lemma 1,
G/K is nite.
Suppose K 6= 1. By Shreier-Dyk's Theorem, an RN -group K is
nitely generated. Let K = 〈M〉 where |M | < ∞, A be a series with
abelian fators of K and U be a union of all T ∈ A\{K}. Sine M * T
and M is nite, learly, M * U . So U 6= K. Clearly, U ⊳ K and K/U is
abelian. So K 6= K ′.
If |K : K ′| <∞, then G/K ′ is nite and solvable. Therefore K ′ ⊇ K,
whih is a ontradition. So |K : K ′| is innite.
Take any q ∈ P. Sine K/K ′ is innite abelian nitely generated,
(K/K ′)q 6= K/K ′. Let (K/K ′)q = L/K ′. Then L ✁G, L ⊂ K and K/L
is nite abelian. So G/L is nite and solvable, whih is a ontradition.
Thus K = 1. Therefore G is nite and, with regard to Proposition 2, (i)
is valid.
(ii) follows from (i) and Proposition 2 (with regard to Lemma 1).
(iii) Let 1 6= g ∈ G. Consider R = 〈x, g〉. In view of (i), R is nite.
Sine 〈x〉 is superomplemented in G, for some T ≤ G, G = RT and
F ∩T = 1. Sine |G : T | <∞, by Poinare's Theorem, there exists N✂G,
N ⊆ T suh that |G : N | <∞. Obviously, g /∈ N . In view of arbitrariness
of g, G is residually nite.
(iv) Let P be any nite p-subgroup of G. Sine F = 〈P, x〉 is nite (see
(i)), in view of Sylow's Theorem, in F there exists a Sylow p-subgroup S,
ontaining 〈x〉 and some subgroup P ∗ onjugated with P . By Lemma 1,
〈x〉 is superomplemented in S.
If p = 2, in view of Theorem [4℄, d(S) ≤ 3. At the same time, d(P ) ≤ 3.
Consequently, eah 2-subgroup of G is solvable of derived length ≤ 3.
Let p 6= 2. Then, in view of Theorem 2 [5℄, d(S) ≤ 2. Thus d(P ) ≤ 2
and eah p-subgroup of G is metabelian.
Further, in view of Theorem 1 [5℄, S has a normal elementary abelian
subgroup of index ≤ m!. Then, P ∗ and, onsequently, P have a normal
elementary abelian subgroup of index ≤ m!. Sine G is loally nite, with
regard to Lemma 2, eah its p-subgroup is almost elementary abelian and
nilpotent. Theorem is proven.
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Proof of Theorem 2. In view of Proposition 4, G is an RN -group.
So by Theorem 1, the present theorem is orret.
Proof of Theorem 3. Take x ∈ G\H and q ∈ P suh that q ∤
|〈x〉 : 〈x〉 ∩ H |. Then 〈xq〉 * H . So 〈xq〉 is omplemented in G. At the
same time, 〈xq〉 is omplemented in 〈x〉 (S.N.Chernikov's Lemma). Hene,
learly, follows that 〈x〉 is of nite order. Obviously, for some p ∈ P, there
is a p-element g ∈ 〈x〉 \ H . Fix g. Put |〈g〉| = m. By Lemma 1, 〈g〉 is
superomplemented in G.
Let Gι, ι ∈ I, be all nitely generated subgroups of G ontaining 〈g〉,
and let Gϕι be a nite homomorphi image of some Gι.
If Gϕι 6= (H ∩Gι)
ϕ
, then, in onsequene of Lemma 1, every subgroup
of Gϕι not belonging to (H ∩ Gι)
ϕ
is omplemented in Gϕι . Therefore by
Theorem [7℄, Gϕι is solvable.
Let Gϕι = (H ∩ Gι)
ϕ
. Then 〈g〉ϕ = 1. In view of Lemma 1, 〈g〉ϕ is
superomplemented in Gϕι . So all subgroups of G
ϕ
ι are omplemented in
Gϕι . Therefore, in view of N.V.Chernikova's Theorem [2, 3℄, G
ϕ
ι is solvable.
Thus all nite Gϕι are solvable.
Further, sine 〈g〉ϕ is a superomplemented subgroup of Gϕι (see
Lemma 1), in view of Proposition 2, d(Gϕι ) ≤ 2n + 3 where n =
max{m(m − 1) + m log2m, 1}. Then, in onsequene of Lemma 3 [5℄,
Gι is nite and d(Gι) ≤ 2n+3. Therefore, obviously, G is solvable loally
nite (and d(G) ≤ 2n+ 3).
Then, in view of Theorem 1 (iii), G is residually nite.
If G is primary or all its primary subgroups are elementary abelian,
then, with regard to Theorem 1, the statement (iii) of the present theorem
is valid.
Let G be non-primary and let for some p ∈ P, G ontains some non-
elementary abelian p-subgroup. Then, beause of G is loally nite, it,
obviously, ontains some nite non-elementary abelian p-subgroup P .
Take any q ∈ pi(G)\{p}, any nite q-subgroup Q 6= 1 of G. Put F =
〈P,Q, g〉. Then, by proven above, F is nite solvable. Therefore for some
K ✂ F ,
⋂
y∈F
(F ∩H)y ⊆ K and |F : K| = r ∈ P.
Take any s ∈ P\{r} suh that s | |F | and a Sylow s-subgroup S of
F . Then 1 6= S ⊆ K. Therefore, by Frattini argument (see, for instane,
[20℄), F = KNF (S). Take any Sylow r-subgroup R of NF (S). Then
R * K. Sine R *
⋂
y∈F
(F ∩H)y, for some u ∈ F , R * (F ∩H)u. At the
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same time, Ru
−1
* H . Consequently, Ru
−1
is superomplemented in G.
Therefore R is superomplemented in G. Then, in view of Lemma 1, R is
superomplemented in RS.
Let T = {b ∈ Z(S) : bs = 1} and let L be a omplement of RT in RS.
Sine S is a normal Sylow s-subgroup of RS, obviously, L omplements
T in S. Then, beause of T ⊆ Z(S), learly, S = T × L. Therefore,
inasmuh as S is a nite s-group and L has no entral in S elements of
order s, L = 1. So T = S, i.e. S is elementary abelian. Sine F ontains
the non-elementary abelian p-subgroup P and for eah s ∈ P\{r}, a Sylow
s-subgroup of F is elementary abelian, we have p = r. Thus all nite
q-subgroups Q of G are elementary abelian. Therefore, obviously, the
assertion of (iii) of the present theorem onerning a q-subgroup is valid.
Take any p-element a ∈ F\K. Then 〈a〉 is superomplemented in
G. So, in onsequene of Theorem 1, the assertion of (iii) onerning a
p-subgroup is valid. Theorem is proven.
Proof of Theorem 4. In view of Theorem 3, X ⊆ Y.
Clearly, G = 〈x〉 ⋋ (〈a〉 × 〈b〉) with |〈x〉| = 8, |〈a〉| = |〈b〉| = 2 and
xa = x−1, xb = x5. Obviously, 〈x〉 is superomplemented in G. Indeed, if
〈x〉 ⊆ K ≤ G, then a omplement D to K ∩ (〈a〉 × 〈b〉) in 〈a〉 × 〈b〉 is a
omplement to K in G. Thus G ∈ Y.
Show that G has no C-separating subgroups, i.e. that G ∈ Y\X.
Clearly, it is suient to show that G has no C-separating subgroups of
index 2. Suppose ontrary.
Let H be a C-separating subgroup of index 2. Obviously, eah sub-
group of index 2 of G ontains the derived group G′ = 〈x2〉 (of order 4).
The quotient group G/〈x2〉 is elementary abelian of order 8. Therefore it
ontains exatly 7 subgroups of order 4. Consequently, G ontains exatly
7 subgroups of index 2. It is easy to see that the subgroups 〈x〉 ⋋ 〈a〉,
〈x〉 ⋋ 〈b〉, 〈x2〉 ⋋ (〈a〉 × 〈b〉), (〈x2〉 ⋋ 〈b〉) ⋋ 〈xa〉, 〈x〉 ⋋ 〈ab〉, 〈xb〉 ⋋ 〈a〉,
(〈x2〉⋋ 〈ab〉)⋋ 〈xa〉 are 7 pairwise distint subgroups of index 2 of G om-
plemented in it respetively by the subgroups 〈b〉, 〈a〉, 〈xa〉, 〈x2a〉, 〈a〉, 〈b〉,
〈b〉. Thus H is omplemented in G. Then, in view of ([21℄, Theorem 2.1),
G = B ⋋ A where B is elementary abelian and |A| = 2. So an exponent
of G does not exeed 4, whih is a ontradition (reall that |〈x〉| = 8).
Theorem is proven.
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